THE FOURIER EXTENSION OPERATOR ON LARGE SPHERES 
AND RELATED OSCILLATORY INTEGRALS 



JONATHAN BENNETT AND ANDREAS SEEGER 

Abstract. We obtain new estimates for a class of oscillatory integral operators with 
folding canonical relations satisfying a curvature condition. The main lower bounds show- 
ing sharpness are proved using Kakeya set constructions. As a special case of the upper 
bounds we deduce optimal L*'(§'^) L''{R§^) estimates for the Fourier extension op- 
erator on large spheres in R'^, which are uniform in the radius R. Two appendices are 
included, one concerning an application to Lorentz space bounds for averaging operators 
along curves in R^, and one on bilinear estimates. 



1. Introduction 

For functions g G L^{§'^) on the d-dimensional unit sphere we define the Fourier extension 
operator to be the mapping £ : g ^ gda where 

gdaiO = [ e-'<^'^^g{x)da{x), 

da denotes the rotation invariant measure on S'^ induced by Lebesgue measure in R'^"'"^, 
and ^ G R'^"'"^. We note that the adjoint of this operator is the Fourier restriction operator 
/ 1-^- /jgdi where ^ denotes the Euchdean Fourier transform in d -|- 1 dimensions. A 
substantial amount of recent work is concerned with weighted inequahties of the general 
form 

(1-1) (/ Igdal'^dfiY^' <\\g\\LP(S^) 

for certain measures /i on M'^^^. ^ Perhaps the most notable instance of this is the case 
of Lebesgue measure, which corresponds to the classical Fourier restriction problem; see 
for example [SOI, |H| and [SHI- addition to this, the inequalities for 

certain broader classes of measures // are known to have applications to a variety of well- 
known and largely unsolved problems in partial differential equations, harmonic analysis 
and geometric measure theory; see jSS], US], US], |3I], UHl, ESI, d, d, and 
many further references contained in those papers. The content of the current paper is 
partially motivated by the particular situation where the measures n are supported on 
large spheres in M'^^-'^; this has been studied recently in |2j, |Sj and [S]. We take fj, to be 
the rotation invariant measure on AS"^ induced by Lebesgue measure in R'^^^. In particular 
the case for circles in the plane is well understood; namely the L^{§^) — > L'^(AS^) operator 
norm of £ is uniformly bounded in A, if, and only if, g > 3 and p > q/{q — 2). This follows 
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from a result on more general oscillatory integral operators in for further discussion 
and an alternative proof of the bound see ,6,^. Here we prove for spheres in M'^: 

Theorem 1.1. The inequality 

(1-2) lkc^^llM(AS2) ^ '^II5|Ilp(S2) 

holds for all X, all g G L^(S^) and some C, if and only if q > 5/2 and p > 2q/{2q — 3). 

After rescaling one sees that uniform LP(S'^) L'^(AS'^) bounds for £ are equivalent with 
the 0(A^'^/'^) bound for the L'p{S'^) L''(S^) operator norm of £x, given by 

(1.3) Sxgi0=9da{X0- 

The operators £ and £x are closely related to a Radon transform arising in scattering 
theory, considered by Melrose and Taylor |2Zj. After appropriately parametrizing S*^ the 
operator £x may be seen as a special case of a much more general class of oscillatory 
operators acting on functions defined on R*^, given by 

(1.4) Txfix) = [ e'^^^-^yh{x,y)f{y)dy. 



Here is a smooth real- valued phase function on x Ojj where l and are open subsets 
of and x is smooth with supp x C r^/, x VLr. We shall now discuss the assumptions on 
the phase which are appropriate for the study of £\. 

The L? mapping properties of T\ are governed by geometrical properties of the canonical 
relation associated to the phase (/>; it is defined to be the (twisted) graph of the gradient 
map, 

= {(x, Vx<i), y, -Vy(/)) : (x, y) £ supp x} c r*^^ x r*f]/j. 

Here we assume that the projections vr/, and vr/j mapping to T*Q,l and T*Qfi, respec- 
tively, 

T^L ■■ {x,y) ^ (x,0^(x,y)) 
TTji : {x,y) {x,(py{x,y)) 

are Whitney folds. Analytically the fold condition on vr^ can be expressed by requiring 
that corank diri < 1 and when dimension kerdvri = 1 then the Hessian considered as a 
map from kerdvri to coker dTT^ is nonzero; i.e. 

(1.6) / 6 G ker(/)^y, / a e coker =^ {b,Vy)'^{a,(j)x) ^ 0- 
An equivalent condition is 

(1.7) det<l)xyix,y) = 0, O^bekeKpxy, =^ {b,Vy){det (pxy) 0- 
Similarly the corresponding condition on tth being a Whitney fold is 

(1.8) det(j)yxix,y) = 0, 0^ a£keT<j)yx, =^ {a,V x){det (py^) ^ 0- 

Using the terminology in we say that is a folding canonical relation if 1)1.7(1 and (|1.8() 
are satisfied. The operator norm of Tx is ©(A-'^/^+i/e) ^.j^g ^^^]^ Mehose-Taylor 
and Pan-Sogge t3l. 
Condition ()1.7|) makes 

(1.9) £ = {(x,y) :det0^j, = O} 
a smooth hypersurface in M"^ x R'^; moreover for fixed x 

(1.10) {y:{x,y)eC} 
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is a smooth hypersurface in W^, and thus the varieties 

(1.11) := {e G T.:nL : ^ = M^, v), i^, v) e C] 

are smooth hypersurfaces in the fibers. Following assume the following condition 

(which is based on the Carleson-Sjolin hypothesis, cf. |24j . |28j): 

Curvature condition: 
(1.12) 

For every x G JIl, the hypersurface Cx is convex and has nonvanishing curvature. 

The convexity and nonvanishing curvature hypotheses mean that the second fundamental 
form is either positive definite or negative definite everywhere on Cx- 

Condition (|1.12j) is not relevant for —>■ bounds, however it is crucial for — > L"? 
bounds in higher dimensions. In one dimension there is no curvature condition and the 
best possible results are known, namely 

(1-13) ||Ta||lp(r)^l.(r) < A-^/^ q > 2p', q > 3, 

holds under the assumptions (|1.7() . ()1.8|1 . This was proved in [^. Examples (see 33) show 
that the sharp bound 

(1-14) \\Tx\\LP(M.'i)^Li{Rd) < A"''/'^, 

can only hold for q > (d + l)p' /d and q > (2d+l)/d (herep' = p/(p — 1)). In two and higher 
dimensions Kakeya type examples exclude the case q = {2d+l)/d. Under assumption (|1.12j) 



inequality (|1.14j) has been established by Greenleaf and one of the authors [2^ in the range 
q > {2d + 2)/d; actually in [2^ the assumption of a folding canonical relation has been 
replaced with a weaker one-sided assumption involving only the projection ttl. Moreover, 
in the range q > {2d+2)/d the definiteness assumption on the second fundamental form can 
be replaced by merely the nondegeneracy assumption (of course this makes no difference 
when d = 2). 

Under the folding relation and curvature assumptions we improve the known range q > 3 
of inequality 1)1.14(1 in two dimensions, and get a best possible result. 

Theorem 1.2. Suppose that d = 2 that is a folding canonical relation and that the 
curvature condition (|1.12() is satisfied. Then for A > 2 



Moreover, 
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(1.16) Fa||l,(r2)-.l.(m2) < A 3 3,(iogA)2 ^, 2<g<5/2, 

and 

(1-17) ||TA||^5/2,i(M2)^is/.,.o(i,2) < A-4/5(logA)i/io. 

The estimates are sharp in the following sense: If there is a point P £ C so that x{P) 
then there is a positive constant c > depending on x cind Xq > 1 so that for all A > Aq 

_2 _ 2 _1 _2_J_ 1_1 

(1.18) \\Tx\\LP,um.2)^Li,^iR2)>cmax{X i,X W i,X ^ 3q{\ogX)^ i]. 



It would be interesting to know whether the restricted weak type estimate ()1.17j) could 
be replaced by an L^/"^ — > L^/^ estimate with the same bounds; this remains open. 

The assumptions of Theorem ll.2l are satisfied for the operator £x in the Fourier extension 
problem on spheres, so that Theorem 11.11 is a direct consequence of Theorem 11.21 fsee ^U- 
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Indeed the spheres on both sides of inequahty H1.2|) may be replaced by compact pieces of 
two surfaces in with nonvanishing Gaussian curvature. 

Structure of the paper. In ^we discuss some preparatory changes of variables which are 
useful in the proof of both the necessary and sufficient conditions, and briefly discuss the 
validity of our assumptions for the phases in the Fourier extension problem. In ^we prove 
the sharpness of Theorem 11.21 the main part of this section is concerned with a Kakeya 
type example. In fJHwe give the basic decompositions of the operator in terms of the size 
of det (p'J^y and state the main estimates for these pieces. In ^we discuss easy proofs of the 
required bounds in certain model cases and raise some open questions. The more technical 
proof of the main estimates in the general case is given in ^ fj^land ^jHl The paper has two 
appendices. In the first one, ^ we consider the convolution with measures on some curves 
in M^; we use a variant of our estimates to give a Lorentz-space improvement of Oberlin's 
endpoint estimates [HOI- In the second appendix, ^10| we revisit the bilinear estimates from 
[2j and give a straightforward proof based on the geometric properties of the canonical 
relation. 
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2. Preparation of the phase function 

It is advantageous to suitably prepare the phase function by possibly changing variables 
in X and in y. These changes of variables affect the estimates only by constants. We 
have to observe that our hypotheses are invariant under these changes of variables. This is 
standard for the conditions (|1.7|) and (|1.8|) . Concerning the curvature condition a change 
of variables in x induces a linear change in the fiber (,^-) variables and thus leaves the 
curvature condition invariant. We now examine the independence of parametrization and 
invariance under change of the y-variable, of the curvature condition. We shall consider the 
situation in d dimensions. 

If X is fixed and z i— > G{x, z) is a regular parametrization of {y : {x, y) £ C} (with 
parameter z E M°'~^) then vectors in coker (f>xy are normal to the hypersurface £x in the 
fiber above x and the curvature condition is just saying that for v G coker cp^y the Hessian 
of the map 

z 1-^ {v,Vx(pix,G{x,z))) 
is either positive definite or negative definite; this Hessian equals 

at y = G{x,z) and the last term drops out since v £ coker (l)xy{x,G{x, z)). From this the 
invariance easily follows. 
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We now prepare our phase function to have an approximate normal form at a point 
P = {x°,y°), and we may assume that P €z C (i.e. to have certain derivatives vanish at 
P). Let us assume that the phase function 

{x,y) tp{x,y) 

has a canonical relation satisfying ()1.7|) , H1.8() , and (|1.12() . We shall find diffeomorphisms 
Gl and Gr, mapping neighborhoods of the origins of M^, M^, to neighborhoods of x°, y° 
respectively, so that at the origin O = {Ol, Or) the phase 



(2.1) 

satisfies the conditions 

(2.2) 

and 

(2.3) 
(2.4) 

moreover 

(2.5) 
(2.6) 
(2.7) 
(2.8) 

and also 

(2.9) 



{x,y) = ^{GL{x),GR{y)) 
det(/)^Y(0) 



(t>xay{0) 




0; 



^xmmAO) / 0, 

W.(o)/o, 



0, 
0, 



4>x'y'xa{0) = 0. 



To accomplish this, let a and b be unit vectors in and respectively, so that at P 
we have tl^xyb = 0, a^ipxy = (recall that we assume that at P the kernel and cokernel of 
il^xy are one dimensional). Now choose rotations pL of and pR of so that p^^b = e^, 
p]^ a = ed- Then 

0W (x, y) = V'(x° + PL{x),y" + PR{y)) 
satisfies dei<i)l}y,{0) / 0, ^^XS^^ = ^ '^Ss/'^^) = 0- formula 



(2.10) 



<lei(l)xy = dei{(j)x'y'){4>xayd " ^Xiy'(t>xW^'- 



y'Yx'yaJ 



(applied to <p^^^) we also have (l)^xlya{0) = and see that satisfies (j221), (ESI and (tTH) . 



Notice that from the fold assumptions 1)1.7(1 and (|1.8() we also have 



Jl] 

'-'xdydVd 



(O) / 0, and 



'^XdXayd \ 

We now consider the phase-function 



,^l^J(x,y) = 0W(ai(x),<jjj(2/)) 



for suitable shears in and M^, of the form 



<tl(x) = {x',Xd - 



d-l 



OLjXi 



1=1 



o-R{y) = {y',yd -^PjVj)- 
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Note that stiU satisfies (^3)) and and also (H^J) and (|^ . independently of 

the choice of a and /3. Now if we choose 



.(O) _ 41.1,. (O) 



then conditions ()2.7() . H2.8() are satisfied for c/)!^] as well. 

Now set 

where B = -[<aLv(0)]- VyU,(0)- Then dHJ) holds with Gij(y) = yO + PRianiy)) and 
Gl{x) = + pL{aL{i'{x))), where v{x) = (x' + x^i^x', x^). The phase (/> satisfies (|2.9j) and 
conditions (|2.2|) - (|2.8j) continue to hold. 

Finally, by replacing the phase (p{x,y) with (j){x,y) — (j){x°,y) we may assume that 

(2.11) dy{0) = 0, 
for all multiindices a. 

We now examine the curvature condition (|1.12j) at O. By condition (|2.5|) we can solve 
near O 

(2.12) det(j)^y = ^ yd = g{x,y') 

with g{OL,0'j^) = 0. Implicit differentiation and condition 1)2. 7|1 implies that 

(2.13) Vy,g{OL,O'ji) = 0. 
Thus our curvature condition at O reads 



(2.14) V2,^,((/<,,(Oi,y',5(OL,y')) 



is positive or negative definite, 



which by (|2.7|) and (|2.13j) reduces to the definiteness assumption on the Hessian of (px^^ 
namely, 

(2.15) Vy,y,<f>x^{P) is positive or negative definite. 

On the phase functions in the Fourier extension problem. We briefly discuss here how the 
extension operator £\ in (|1.3|) of the introduction belongs to our general family of oscillatory 
integral operators T\ satisfying (|1.7|) . (|1.8|) and (|1.12|) . 

Let S be a patch of a smooth convex hypersurface of M"^^^, with nonvanishing Gaussian 
curvature (in particular S may be part of S"^ as in (|1.3|) ). Let y i— > r{y) be a parametrization 
of S (where the parameter y is chosen from an open subset of W^). Let S be a smooth 
hypersurface of M*^^"^, parametrized by x i-^' S(x), where x belongs to an open set of M"'. 
Then the operator £\ in (|1.3j) may now be written as an oscillatory integral operator with 
phase function 

(2.16) cl){x,y) = {E{x),T(y)). 

Clearly (p^y = H'(x)"^r'(y) is of rank > d — 1 and C consists of those (x,y) for which the 
normal line for S at T(y) is parallel to the tangent space for T, at H(x) (or, equivalently, 
the normal line for S at H(x) is parallel to the tangent space for S at T(y)). 

The assumption that the second fundamental form of S is definite implies that the fold 
condition for ttl, (|1.7j) . is satisfied. Indeed if (x,y) G C and if a, b are nonzero vectors in 
so that a"^S'(x)^r'(t/) = and H'(x)^r'(y)6 = then the fold condition in the form 
(|1.6j) is saying that 

{b,Vy)a^E'{xfT'{y)b^O 
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and this is implied by the definiteness of the fundamental form of S since H'(x)a is a nonzero 
vector perpendicular to the tangent space of S at T{y). 

For the curvature condition H1.12() we fix x and solve det(l)xy = by y = G{x,z) so 
that Cx is parametrized by z i— > H'(x)^r(G(x, z)). We need to verify that the second 
fundamental form of Cx is definite, i.e. that 

Vl{a,E'{xfriG{x,z))) 

is definite if {a,E'{x)'^T'{G{x, z))) = 0. However under this last condition the second 
fundamental form becomes 

f^V^,(H'(x)a,r(y))f aty = G(x,z). 

Again as H'(x)a is normal to S at T(y) we see by the definiteness assumption on the second 
fundamental form and by rank ^ = d — 1, that the last displayed formula gives a definite 
(c? — 1) X (d — 1) matrix. Thus the curvature condition is verified. 

Finally, if in addition we also assume that S is a convex hypersurface with nonvanishing 
curvature then we see by symmetry that the fold condition for vr/j, H1.8|) . is satisfied as well 
(see also |15| for a discussion of the structure of vr/j in the more general situation where S 
is convex and of finite line type). 

3. Lower bounds 

We now establish lower bounds for the operator norms of Tx showing in particular the 
sharpness of Theorem ll.'il We work in d dimensions and assume that the fold and curvature 
conditions ()1.7() . (|1.8() and (|1.12() hold, and in addition we make the (necessary) assumption 
that there is a point (x", y°) £ C for which 

(3.1) X(^°,y°)y^0. 

By the reductions described in fJSwe may assume that {x°,y°) = O, that (|2.2ll2.9j) hold, 
and, in dimension d >2, that (|2.15|) holds. 

We are interested in the range of exponents (p, q) for which 

(3.2) \\Txhr>^^L^:o. < X-^/'^ 

holds. It is easy to see that the decay rate in (|3.2|) is sharp (for any phase function). 
Since the operator is local we have 

(3-3) IIT^^IIloo^/^^.oo < ||Tx||2,p,i^L9,oo 

and therefore it suffices to prove lower bounds for the weak type {oo,q) operator norm. 
Without loss of generality Re(x(2;,y)) > c > for \x\ < e, \y\ < e. Let A e~^, and 
define f{y) = e'^^'^^^'^^ for < e and f{y) = elsewhere. Then |rx/(x)| > c > for 
< cqsA"^ and thus 

(3.4) ||TA||Loo^i,,oo > c'A"'^/'?. 

The following simple lemma shows that the condition q < {d + l)p' /d is necessary for 
to hold. Note that and (|1T3|) yield the first two lower bounds stated in (|rTH|) . 

Lemma 3.1. There is c > so that 

(3.5) ||TA||ip,i^i„^ > c\''/('P)-d/S-{2d-l)/i3g) ^ 
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Proof. Let /o be the characteristic function of the ball {y : \y\ < eX ^^^}, and define 

f{y) = fo{y) exp{-iX{{y,4>y{0)) + l{y,4>yy{0)y))) 

so that ~ X-d./{3p)^ gy considering the Taylor expansion of (j){x^y) — </>(x,0) we 

observe that 

\(t>[x,y) - 0(x,O) - {y,ct>y{0)) - \{yAyy{0)y)\ < CeX^' 

whenever \y\ < eX^^^^, \x\ < eX^^^^ and \{x,(l)xy{0)y)\ < X~^. On multiplying T\f{x) 
by the unimodular factor ^-'i-^<i>i^fi) ^ -^e find that if x is such that these conditions hold 
uniformly in \y\ < eX~^^^, then 

|Ta/(x)|>cA-"/3 

if s is sufficiently small. By the assumptions (|2.:-{|) and (|2.4|) we see that | (x, (j)xy{0)y)\ < X^^ 
holds for all \y\ < eX^^^^ whenever < e'A"^/^ and \xd\ < e'X~^^^. Thus ||T_x/||/,9,oo > 
^-d/3-i2d-i)/i3q)^ and the assertion follows. □ 

We shall now show by a randomization argument that for d > 2 the inequality (|3.2j) 
can only hold for q > {2d + l)/d, and also establish the sharpness of (|1.16|) . (|1.17j) . The 
approach is inspired by the result of Beckner, Carbery, Semmes and Soria ^.5^ on the failure 
of restricted weak type endpoint bounds for the classical Fourier extension operator (c/. 
also Tao's generalization (37] to oscillatory integral operators). We use a rescaled version 
of the Kakeya construction in Keich [^. Let (5<Cl,5<a;<l/10 and suppose that for 
every n' E with \n'6\ < a we are given a r6 x ■ ■ ■ x r6 x r rectangle P„ passing through 
the hyperplane x^; = so that the long edges are parallel to {n'6, 1). Then there are vectors 
Vn G M*^-! X {0}, I Vn\ ^ SO that the union of translated rectangles Vn + Pn satisfies 

(3.6) \\Jvn + Pn\ <C{log{a/6)y^Y.\Pn\. 

n n 

We shall apply this fact after possible changes of variables, with r = 5 = A^^/^, a = eA~^/^, 
and large A, then \og[a/5) ^ log A. 

Proposition 3.2. Suppose d>2 and q > 2, then there is c> and Xq > so that for all 
A > Ao 

(3.7) ||TA||Loc^i,,co >cA-'^/=^-(''-l)/(3g)(iQg^)l/2-l/g^ 

Proof. Assume without loss of generality Re(x(a;,y)) > 1 whenever \xi\ < cq, \yj\ < cq for 
some constant cq > 0. Assume A Cq ^. We let £} be the family of all cubes of M'^ of 
sidelength A~^/^, of the form Ylf=i[niX~^/^ , {rii + 1)A"^/^) where n = (ni, . . . , n^) G M'^ and 
|ni|A~"^/^ < Co/2. For Q £ £l let xq be the center of Q. Let yg = {x'q, g{xQ,x'Q)) where 

g is given by (|2.12|) . and let B{Q) be the ball of radius eiA~^/^ centered at yq. In view 
of (|2.5|) and ()2.6() we have ^ near the origin and by choosing cq sufficiently small we 
may assume that y i— > {y' , g{y,y')) is a diffeomorphism near the origin. Consequently, if ei 
is sufficiently small, the balls {B(Q) : Q £ 0} form a disjoint family. 

On each cube Q, and each ball B(Q) we shall now change variables as in ^ Namely, for 
each Q £ Q there is a diffeomorphism Oq mapping a neighborhood Z^l,q of the origin Ol 
to an open set Vq containing Q and a diffeomorphism rog mapping a neighborhood Ur^q 
of the origin Or to a neighborhood Wq of yq containing B{Q), so that the phase function 

i^^{x,y) = 4>{VQ{x),WQ{y)) 
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satisfies conditions (|2.2II2.9() . and also ()2.15|) holds for ip^ . The bounds for the derivatives of 
are uniform in Q, as are the implicit lower bounds in (|2.2I) . ()2.5() . (|2.6() . (|2.15p for those 
functions. We can find a positive £2 ^ £1 so that for every Q the sets 1^l,q and Z//ij,Q contain 
the cubes of sidelength £2 centered at the origins Ol and Or, respectively. Moreover there 
is a positive £3 < 82, so that if Qo denotes the cube of sidelength e^X"^^^ centered at Ol 
then Oq(Qo) C Q, for every Q G £2. We let Z = {n G Z'^ : \n\ < IQ-^esX^/^}. 

We decompose this cube Qo into plates at height X~^/^na, with \nd\ < £310-^1/6. Let 
Hn' be the orthogonal projection to the hyperplane orthogonal to (n'A~^/^,l). We now 
apply the above mentioned construction by Keich (with angular parameter a < £4A~^/^, 
cf. Then for each we find a family of A~^/^ x • • • x A~^/^ x A~^/^ rectangles 

Rn = Rn',na SO that Contains the set 

Rn = {x: \xd - nrfA-i/3| < x-^/^e^, |n„,(x - a(n))| < £4A-^/^} 

where 

(3.8) a{n) = {a' (n) , ad{n)) G M.'^-^ x {A^^/^^nd}, with \a'{n)\ < esX'^/^, 

and, for the measure of 

EiUd) = [jRn',na, 
n' 

there is the Besicovich type estimate 

^(rf_l)/6^-(2d-l)/3 



(3.9) \Eind)\ < C- 



logA 



uniformly in n^. Observe that for n E Z the rectangle Rn lies in the plate at height 
n'A"^/^, contains the point a{n) £ M*^ and has long sides in the direction {n'X~^^^, 1). 

Sublemma 3.3. If e <^ 64 is sufficiently small then there is c(e) > so that the following 
holds for X > e^^ . For each Q £ Q. there is a disjoint family of balls Bn^q, n G Z, each of 
radius eX^^^^ and contained in tOQ^{B{Q)), and for each {Q,n) £ £l x Z there is a smooth 
function Hn^q defined on Bn^q so that with 



/n,Q(y) = XB„,«(tt)o'(y))e-^^^-'3(«a^fe)) 



we have 

(3.10) \Txfn,qix)\>cie)X-'^/\ if x £ nn,q := t>qiRn). 

We postpone the proof of the sublemma and continue with the proof of the proposition. 
We show 

n,q ^ ' 

To see 1)3. 11() we follow the argument in |5j. We denote by {r^} the system of Rademacher 
functions. Choose an injective function {n,Q) 1-^ k{n,Q) with values in the positive inte- 
gers. By Khinchine's inequality 



{Y.\Txfn,q{x)\'y^' < \Y.rj,^n,q){t)Txfn,q{x) 



n,q n,q 



dt 
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uniformly in x, A. Now by the sublemma Xh^q ^ A^'^/^|rx/„^Q(x)p, and hence 



n,Q 



n,Q 

= X"'/'\\{Y.\Txfn,Q 



1/2||2 



Jo ' ^ 



dt 



2 



and the square root of the right hand side is further estimated by a constant times 



< X'^^^\\Tx\\Loo^l^q,oc 

< X'^^'^\\Tx\\l'^^li'°° 



< A'^/' [' \\Tx[Tr,^n,Q){t)fn,C 

/ \\^''k{n,Q){t)fn,Q\\ dt 
•'^ n,Q 

E\fn,Q\\\ ^ 



dt 



<A'^/^||rA|| 



For the last inequality we have used the disjointness of the supports of fn,Q which follows 
from the disjointness of the balls B{Q), and for each fixed Q from the disjointness of the 
Bn,Q, nG Z. 

Next observe that |7^„,Q| ^ « A"2{d-i)/3-i/3 ^^^^ ^i^^^ card(Z) w X'^^^, card(0) 
A*^/^ and therefore 

Hence, by the duality of L^'?/^)''! and 1"/^'°° and (|S3I), 



x-a-m < I y y 



1-2/91 



QeQ|nd|<Ai/6 



E E ^^n.Q 



< f a('^+1)/6 



lW6A('^-l)/6A-(2"!-l)/3xl-2/g 



log A 



A^'^/^IIT- 



which implies 



mil 



> 



cA-'^/3-('^-i)/(3'?)(iogA)i/2-i/g 



and thus the assertion. 



□ 



Proof of Suhlemma \3.iA We fix Q; our estimates will be uniform in Q and we will generally 
suppress indices indicating the dependence of the terms on Q. For / defined near Or (in 
particular in B{Q)) and for x S Q we set 



Then 



Txf{x)=Tx[foxo-Q\^^Q{x)). 



rxf{x)= / e^^^^-'yhi{x,y)f{y)dy, 
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where Xi{x,y) = x(Oq(x), tt3Q(y))| det rD^(7/)|, and the phase 

= = 0(OQ(x),tt)Q(y)) 

satisfies conditions ()2.2II2.9() . We also note that det Tp{x,y) = when = Q{x,y') and g 
satisfies (|2.13|) and (|2.14j) (with (p replaced by tp). 

We shall now identify balls Bn so that for suitable /„ supported on Bn the function Txfn 
is bounded below by cA~'^/^ on To achieve this we argue very much as in the proof of 
Lemma l3. II and analyze the Taylor expansion of the phase function iIj{x, y) — ip{x, b) about 
X = a, for suitable a, b. Let 

(3.12) H{a, b, y) = ijy{a, b){y - b) + ^{y - bfi^yyia, b){y - b). 
Then 

(3.13) V(^, y) - ^{x, b) = H{a, b, y) + {x- a)Vxy(a, b){y -b) + 0{\y -b\\x- ap + \y- b\^)) 
and we further split with -0^ ^ := 

{x - af^^y{y - b) ={{x' - a'f + {xd - ad)i^xay''^^ ) {^x'y'iy' - b') + ipx'y^iyd - &d)) 

+ {xd - ad){lpxayd - i^xay''^^'"'' '4^x'ya){yd - bd) 

where the derivatives of ip are evaluated at {a,b). Note that by (|2.10|) the second term 
drops out if 6rf = g(a, 6'). 

To define Bn and /„ we first consider for fixed the map a{-,ad) defined in a neighbor- 
hood of the origin O'^ of M*^"^ by 

y' ^ cr{y',ad) := -V'x^y'V'^"' \(x' ^x^^y' ,ya)={0'^,ai,y' ,e(0'^,aa,y')y 

Then a{0'^,Q) = O'^. By the curvature condition H2.14() and (|2.4I) . the map a{-^ad) is a 
diffeomorphism on a neighborhood of O^, if ad is small; the bounds are uniform for ad in 
an open interval containing 0. We may assume that the neighborhood of O'^ and its image 
contain the ball of radius £3 centered at O^, whenever \ad\ < £3. Let b'{n) be defined by 

a{b'{n),X-^l''nd) = X'^^'^n 

and we assume that |n| < eX^^^. Let 

b{n) = {b'{n)Mn)) := (6'(n), ^(Ol, n,A-^/^ &'(n)) 

and let B^ be the ball of radius eX~^/^ centered at 6(n). Define 

/n(y) = XB„(y)e-*^^W")'^(")'^^) 

with H as in ()3.12|) . It will be crucial to note that | dei'il)xy{x,y)\ < A"-*^/^ when y G Bn-, 
X e Rn (see (|3?T9|) below). 
It now suffices to show 

(3.15) \Txfn{x)\ > cX-''/^ iixeRn. 

with the positive constant c independent of A, Q and n. To see ()3.15|) note that 

e-'^>^^^-'"^^^'>Txfn{x) = I e^^''-(-'yhi{x,y)xBMdy 
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where, by ^'„(x,y) = {x — aYipxy{a,b){y — b) + 0{eX~^) evaluated at (a, 6) = 

{a{n),b{n)), and the error bounds hold if |y — a(n)| < eX^^^^, and \x — a{n)\ < X^^^^. Thus 
estimate p.lSp follows if we verify that 

(3.16) \{x-a{n)yi;^y{a{n),bin)){y-h{n))\<CeX-^, if x e Rn- 
Since the vector 

(A-i/V,l) = -^,,,,V^'-'(O',A-i/3nrf,6'(n),0(O,A-i/3nrf,6'(n))) 
is in the kernel of the orthogonal projection n„/ we have for x G Rn 

\x' - a'in) + (xd - arf(n))V..,y V^'"'(0', X'^/'^n^, 6'(n), 0(0, X-'^^rid, 6'(n)))| < CeX-^/\ 
Notice that by the crucial properties (|2.9|) and (|2.4j) . (|2.7j) the terms ipx^y'x', i^x^y' ^^'^ 
tpxdv'vd 0{eX~^^^) in Qo- Thus 

l^Px^y^r'^'ia, ad, b', 5(a, b')) - V^.^y V^'"'(0', a,, b' , 0(0, a^, b'))\ < CeX-^/\ 
Consequently 

(3.17) |((x'-a')* + (xrf-arf)^,,j,,V^'-'(a,6))(V^,v(y'-^')+V'x's;,(a,6)(yd-fed))| < CeX^^ 

if a = a(n), b = b{n), the derivatives are evaluated at (a(n), b{n)) and x £ Rn and y e 5^. 
Moreover for these choices of a, b, x, y 

(3.18) \{xd - ad){'il^xdyd " V'xdy'^^'^^Vx'yJ (yd -bd)\ < CeX'^. 

To see this we use that bd{n) — 0(a(n), 6'(n)) = (02./(O^, a^, 6'(n)), o'(n)) + 0(A^^/^) and 
since by implicit differentiation using (|2.8j) we have 0^/ = 0(A-i/^) we see that in fact 

M^)-0(a(n),6'(n)) = O(A-i/3). 

Hence 

(3.19) lPx,y, - ^x,y'r'^'i^x'y, = OiX-^') 

and thus ()3.18|) follows. By H3.17|) and H3.18p we get (|3.16|1 and this finishes the verification 
of (l!n^ . □ 

Remark. The reader familiar with the wave packet analysis in the context of the classical 
restriction problem for the Fourier transform (see for example j38j ) may find it enlightening 
to construct Kakeya set examples of this type for the particular operator g h->- gda\j^^d 
discussed in the introduction. The key point here is that if B is an i?~^/'^-cap centered at 
a point xq on the equator of S*^, and if S S*^ lies within a distance of 0{R~^^^) of the 
north pole, then the function g{x) = XB{x)e^^'^'^ is such that \gda\j^^{^)\ > R^^^^XTb{0'^ 
here Tg is an "eccentric cap" (or "stretched cap") on R§'^ of dimensions 0{R^^^) x • • • x 
0{R^^^) X 0{R?f^), centered at Rv and with long edges in the direction xq. In order 
to exploit this we let {z^m}i<m<Ri/3 be a sequence of equally spaced points on the curve 
{u = (til, . . . ,Ud+i) £ : ui = ■ ■ ■ = Ud-i = 0}, and let = {a; G S'^ : w • i/^ = 0}. 

We now choose a collection of disjoint i?^^/^-caps {Bm,n}i<m<R^/3 i<n<_R('*-i)/3 '^^ ^'^ such 
that for each m and n the center of Bjn,n (which we will call Xm,n) lies on the great 
sphere Now, for each m and n let Tm n denote an eccentric cap on RB>'^ of dimensions 

X • • • X 0[R^^'^ ) X O (yR?^"^ ) , with long sides pointing in the direction Xm,n 

and centered 

at a point Riym,n G R^'^ with \iym,n - i^m] < R'^^^. Now if 5„,n(x) = e*^'''"'"-^XB™,„ (a;) 
then \gm,nda\^aiO\ ^ R^'^^^XT^,r,{Cj uniformly in m and n. Choosing the caps Bm,n and 
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frequencies i'm,n appropriately, taking (7 to be a random combination of the form ^ ±5m,n 
and invoking appropriate Besicovitch type estimates now leads to the required necessary 
condition q > {2d + l)/d. Here of course the 0(i?^/^) scaled Kakeya sets that feature are 
subsets of RS'^ rather than M*^. Notice also that an analogue of the additional decomposition 
at scale 0(A^^/^), required in the treatment of the general operators Tx, is not necessary 
here. 

4. Basic decompositions 

It is standard to decompose the operator Tx in terms of the size of det (p^y By a Taylor 
expansion (using (|2.12|) . (|2.5|) ) we observe that on the (small) support of our cutoff function 

(4.1) yd - g{x, y') = C{x, y) det (t)^y 

with C{x,y) 7^ so that the decomposition in terms of detcpxy can be realized by decom- 
posing in terms of the size of yd — g{x,y'). Thus we split Tx = '^2'<x^/^ + Tx where 

(4.2) Tx,if{x) = I e'^^^-'yh{x,y)xi{2'{yd-9{x,y')))f(,y)dy 

where xi is supported in (2/3, 3/2) U ((—3/2, —2/3) and Tx is defined similarly with a cutoff 
XoC^^Vd - g{x,y')) localizing to the region \yd - g{x,y')\ < A"^/^. Then Tx^i and Tx cover 
the situations where | det 4>xy\ ~ 2~', and | detcp^yl ^ X~^^^, respectively. 

By standard theory [III, |22] ( see also |22j for earlier results in special cases) we have 



(4.3) \\Tx,ih^^L^<2'/'X-''/\ 2'<\^'\ 

(4.4) mk^^L^i^x-^"''^/^-^". 

Our main estimates in two dimensions are 

(4.5) \\Tx,i\\LHw?)-.L^iR^) < 2-3V4A-i/2(iogA)i/4, 2' < X'/\ 

(4.6) ||r;,||^4(K2)_i4(K2) < A-3/4(iogA)i/4, 
and for 2 < p < 4, g = 3p' , 

(4.7) rA,dlLP(R2)_.i,(M2) < 2-'/p'A-2/^ 2'<AV3, 

(4.8) ||TA||iP(R2HL,(M2)<A-l/(3p')-2/.. 



Notice that (j4.6jl , (|4.8|) are limiting cases of l|4.5j) and (|4.7p . We shall prove only (|4.5jl and 
(|4.7j) and the proofs of (|4.6j) and (|4.8j) are analogous. Indeed for the proofs of (|4.()j) . (|4.8j) 
the localization to the region where \y2 — g{x, yi)\ ~ 2~' can be replaced by the localization 
to the region where \y2 — g{x, yi)| < 2"'. 

By interpolation it follows from (|4.4)) (with d = 2), and (|4.(ij) that 

(4.9) I|Ta|L5/2(s2)^^5/.(k2) < A-4/5(logA)i/io, 

~ 9/ 3p' 5 

(4.10) II?'a||lp{r2)->L'/{r2) ^ -^"^^^ ^^2' 
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Moreover the restricted weak type estimates 



(4.11) 
(4.12) 



2'<Ai/3 



L5/2,l 



<\-"Hhg\Y"'\ 



2'<Ai/3 



follow from 1)4. 3(1 and 1)4. 5|) by a now standard interpolation argument due to Bourgain 
[Jj (see also the appendix in JI|). Of course (|4.1H) and (|4.9j) imply (|1.17j) . By a further 
interpolation (by the real method) we can upgrade ()4.12|) to 



(4.13) 



2'<Ai/3 



LP-1 



which implies the analogous L'^ inequality, and we obtain (jLlSf) . in the range 5/2 < 

g < 3. We note that the case g > 3 (corresponding to p < 2) is already covered by the 
result in [^J. Finally the inequality ()1.16|) follows by interpolation between the Lp'l^) 
bound ||r\||j;^2_^^2 = 0(A~^/^) and the restricted weak type estimate (11.17(1 . 



5. Bounds for model cases 
Consider the phase function defined in W^^ 

d—l I v3 d—\ 

(5-1) 0(x,y) = ^Xj-yj H '^—^ ^^dY^y\. 

i=\ k=i 

and let x G C^{^'^ x M"^) be supported near the origin. 

We observe that rank cp'^y = d — 1, det cp'^y = — Ud, and for = yd the kernel of 
dni is generated by d/dyd and the kernel of dvTR is generated by d/dxd- Condition ()1.7() 
is satisfied since 'Px^y^y^ — — 1 and condition (|1 .8|) is satisfied since (px^y^x^ — !• For each 
X the hypersurface Cx = {<j)x{x,y) : det<j)xy = 0} is just the paraboloid {{y', |y'P)}; thus 
condition (|1.12|) is satisfied. 

Consider the operator Tx i given by the localization to the set {\xd — yd\ ~ 2~'}. We 
now split f = Y,fm where /m(y) = Xl^,i{yd)f{y) and 1^,1 = [m2'\{m + 1)2"']. Then 
Tx,ifm{x) vanishes if Xd ^ I^ i := Im-i,i U Im,i U Im+i,i- Thus 

(5.2) \\Tx,if\\,<c[Y^mM\iy^' 

m 

and so it suffices to estimate Txjfm- Now we write 

Tx,ifm = [ e'^^-'^-y''^'/'Tx,i,y,[fm{;yd)]dyd, 

where for g being defined on M'^"^, 

Tx,i,y,g{^\xd)= J e'^''^-'y'h{x,y\yd)g{y')dy' 

and 

d-l d-l 

(5.3) '^{x,y') = '^Xjyj + Xd'^yl- 

j=i k=i 
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Now let d = 2. The phase function ^ is such that we can apply the FefFerman-Stein 
adjoint restriction theorem (>,20j, or the more general Carleson-Sjolin theorem (^Ij, |24j ) 
and obtain the estimates 

\\Tx,l,y29\\LHM?) ^ A"^^''lbllLP(IR), 9 = 3p', p < 4; 
uniformly in 1/2 £ Im,l- Then 

\\T\,lfm\\Li{m?)^ / l|7A,«,y2[/m(-,y2)]||L9{M2)(i2/2 < A"^/"^ / \\fm{-,y2)\\LP{W)dy2 



J Im.l 

and ()4.7|) is now implied by (|5.2|) . The estimate ()4.8|) follows in a similar way. Moreover 
the bounds ()4.5p and ()4.6|) follow by using an endpoint bound of the Carleson-Sjolin 
theorem. 

Higher dimensions. A similar argument gives also a partial result in higher dimensions. 
Namely, for the operator with model phase ()5.1() there is the bound 

/ N II II . Hia d+l , 2{d^ +d - 1) 
(5.4) ||rA|L,(^.)^^,(^.)<A-'^/^ ■ 



The range q>2{d+ l)/d is covered by |2I], and for 2{d'^ + d - I) / d'^ < q < 2{d + l)/d one 
can use Tao's adjoint restriction estimate for paraboloids [SHI- Indeed this estimate implies 
that the L^(M'^-i) L^(M'^) operator norm of Tx,i,y^ is 0(A-'^/^), provided that s = ^r' 
and s > 2{d + 2)/d. By the above argument using Holder's inequality in the yd variable 

m,,/ii,<2-'/''A-/-ii/iu , = ^/, ^<.<H^. 

We also use the LP' L? bound 1)4. 3|) and Bourgain's interpolation lemma. One deduces 
that the operators E2KA1/3 ^A,i map L^'^ to L5'°° with norm 0(A"'^/'?) \i q < {d + l)p'/d 
and g > 2{d'^ + d — l)/d'^. By a further interpolation the strong type L'^ bound now 

follows in the same range; moreover there are similar bounds for T\. Hence one obtains 
(|5.4() in the full range. 

We conjecture that this behavior remains true for general oscillatory integral operators 
with folding canonical relations, satisfying the elliptical curvature condition H1.12() . Well- 
known (hyperbolic) examples of Bourgain in 9 may be adapted to show that an ellipticity 
condition is in fact necessary here. We hope to pursue these questions in a subsequent 
paper. 

It is conjectured that the oscillatory integral operator S\ associated to the Carleson-Sjolin 
model phase ^{x,y') as in (|5.3|) has an L^(K'^~^) — > L*(M'^) operator norm 0(A~'^/**) for 
s > 3^^') 1^ < 2d/{d — 1). The above analysis suggests that the bound ()5.4|) for the model 
case mig ht be valid in the range q > {2d + l)/d. Note that 2{d^ + d-l)/d^ > {2d + l)/d 
for d > 2, with equality only for d = 2. 

One-sided fold conditions. Examples suggest that the — > L'^ estimates in Theorem 11.21 
for p > 5/2 may hold merely under the one-sided assumption H1.7|) and the curvature 
condition (|1.12|) . This is in contrast to the L? estimates where the bounds depend on finite 
type conditions on the projection t:r, see [22, ^H] and also the survey [^ . 
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A simple example (where vr^ is maximally degenerate) is given by 

d-l d-l 

(5.5) 'il;{x,y) = ^Xjyj + Xdyj + Xd^yl. 

j=i k=i 

Now det = '^Vd and a simple modification of the above slicing argument shows that the 
LP L'^ operator norm of the corresponding oscillatory integral operator is again 
if q > {d + l)p' /d and q > 2{d'^ + d — It would be interesting to know whether this 

result holds in general under merely the assumptions (|1.7jl . (|1.12|) . In |2J it had been 
shown that this is the case in the range q > 2{d + l)/d. 

6. Estimation of Tx^i in two dimensions 

We shall now fix / and various decompositions will depend on / but this will not be 
indicated. We shall estimate the square of Tx if and bilinearize the problem as follows. We 
split 

m>0 

where 

(6.1) 'BO(/,/)(x) = ||xo(2-^+'/'(yi-yi))e^^W-'^)+*("'^))C/(x,y)CK^,y^ 

and, for m > 0, 
(6.2) 

'B™(/,/)(x) = 11 xi{2''^~'^-\yi-yiW^^'^^^^y^^'t>^^^y^^ 

and 

Ci{x, y) = x{x, y)xi(2'(y2 - g{x, yi))). 

Notice that the sum in m is extended over those m > with m < 1/2 — C for large C in 
view of the smallness of the support of the cutoff function. 
We shall show that 

(6.3) 

ll»°(/,/)ll,/2 + II E «"^(/'/)|| ^ 2-2Vp'a-4/'/||/||p||/||p for 1 < p < 4, g = 3p'; 

m>0 

moreover 

(6.4) ll*B°(/,/)l|2<2-3'/^A-i(logA)i/2||/||,||/||, 
and 

(6.5) II ^'"(/' /)|L ~ 2-''/'(l + /)^/'A-i||/||4||/||4. 

m>0 

In what follows we shall estimate the expression Yl,m>o '^^{fi f) for m > and give the 
modifications for ^^{f,f) in ^ 

The principal objective of our approach is to reduce matters to an estimate for some 

well-localized operators (termed S = S^'^*^ below), for which one can use arguments for 
model cases considered in f|Sl The idea is to estimate such a localized operator 6, by 
freezing the variables 2/2)2/2, and to take advantage of the small support by using Holder's 
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inequality. It was possible to implement this idea "globally" in "rigid" model cases, such 
as g{x, yi) = X2 + xi — ui, but this global approach does not seem to work for general g. 

It seems natural to decompose for fixed x the set {y : \y2 — g{x,yi)\ 2~'} into rect- 
angular pieces of size ~ 2~'/^ x 2~K In order to be useful this decomposition should be 
stable under perturbations in x but since g{x,yi) varies in x we need a decomposition in 
x as well. For a situation in which we can use the idea of freezing 7/2 we may consider the 
case that yi,yi are supported in intervals 1,1 of length 2~'/^ and x is localized to certain 
rectangles R of size 2~'/^ x 2~' so that for {x,yi,yi) ^ Rx I x I the expressions g{x,yi) 
and g{x,yi) vary by no more than 2~K This works well if the distance of / and / is not 
much more than their length, namely 2~'/^. The rectangles in x-space are not supposed to 
change orientation while their centers vary over a cube of sidelength 2~'/^ and the geometry 
of C suggests that the long sides become perpendicular to Vxg at the centers of the cubes. 

When estimating the ^"^{f, f) we are in the situation where |yi — ~ 2"'/^+'"+^ for 
< m < 1/2. We would then like to make a similar decomposition of intervals / x / in 
{yi,yi) space and rectangles R in x space. The requirement that both expressions g{x,yi) 
and g{x,yi) vary by no more than 2~' in i? x / x / is now harder to satisfy and we need to 
choose a finer decomposition, namely we choose the intervals /, / to be of length 2"'/^"™ 
(c/. ()6.8() below) and make a decomposition in terms in x into cubes of the sidelength 
2-i/2-m (j5_5j) below). This is somewhat reminiscent of a situation in j34| . Moreover we 
decompose each cube in x space into smaller rectangles of sidelengths 2"'/^""* and 2~' and 
the longer sides are perpendicular to V xd at the centers of the cubes (c/. (|6.7() below). The 
geometry is now such that the orientation of the rectangles is essentially the same when 
yi varies over /, yi varies over / and x varies over R. Note that the rectangles become 
essentially cubes of length 2~' when the distance of the intervals is ~ 1; in this case the 
length of the intervals /, / is also ~ 2^'. 

We now formally define these decompositions in the x and y variables. Let r/ be a C°° 
function supported in (—3/4,3/4) so that Ylin&'L''f'i^ — n) = 1. For each h G 2~^/'^~^'L 
let be the interval of length 2"'/^""^+^ centered at h. We let be the set of all 
pairs (6, b) with the property that J™ x J™ intersects the support of the cutoff function 

(2/1, yi) ^ Xi(2'/^""'~^|yi - yil), so that for (6,6) G the numbers 6, 6 are C72-'/2+"^- 
separated. We may split = U^P™ where /i ranges over 2~'/^+™Z, the families are 
disjoint and of cardinality 0(2^™) and we have 

|6-^| < 2-^/2+"+\ |6-/x| < 2-^/2+m+i^ for (6,6) G p;^- 

We also decompose in x space, using two parameters a, u. The parameter a will range 
over points in 2-^/'^-'^I?. For /i G 2-'/2+"^Z and G Z (typically \v\ < C2'/2-™) we set 

<a := a + 2-^^^^^ 

y lVj;g(a,At)| 

and 

(6.6) w™(x) :=??(2'/2+'"(x-a)) 

(6.7) uZ'{x) :=^(2V2+-(^_a))^(2'((|g||J^,x-r/fa))). 
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Moreover for (6,6) G P™, we make the following definitions. Let /3o G C'q°(M) be equal to 
1 near so that XiPo = Xi- Set 

(6.8) u^'iy) = ??(2V2+-(y, _ 6))/?o(C-^2'/2+™(y2 - gia,y,))) 

(6.9) ioZ^\y) :=^r(2/)/3o(C-^2'(y2-5(T,^a,yi))) 
and finally 

(6.10) n7''Hy,y) ■■= co':\y)coT\y), ^Z^'Hy^y) ■= u^Z^'iyXfiy)- 

For locally integrable functions F defined on and m > we set 

(6.11) &Z'''nx) = {nZ'{x)f 
Xi{2''^~'^'\y^-yi)mx,y)Ci{x,y)^^^'^^-^^^^^ 



and for m = we use a similar definition with the modification that xi(2'/^ ™ ^ {yi — yi)) 
is replaced by Xo(2'/^~^(yi - yi)). 

Typically the operator &Z^^^ should be acting on the function 

(6.12) (y, y) ^ C/" ® c/(y, y) := coZT' (y) f {y)coZr\y) M 

when (6,6) G "P™. Indeed, in view of the condition J2nez^'^i^ ~ = we have 

»"^(/,/) = EE E er''(/aT'55/r')- 

In ^we shall prove the following inequality concerning vector- valued functions, which 
combines various orthogonality arguments with the individual estimates for the operators 

GZ^'^^ ■ As we shall see, the proof relies on ideas related to the Carleson-Sjolin theorem. 
Proposition 6.1. For 2 < r < oo 



5-13) II E E E E®-''^aT'' 



< 

r 



r r_ 1 
~ \ \ r \ 



X-Vr^ ^ 2-(™+3V2)^^ ^ ^Y^U \Fr/'Hy,yrdydy 

0<m<l/2 A* (fe,b)e-P™ "'^ 

We shall have to choose the functions F^^^^ carefully in order to take full advantage of 

ProDosition l6.11 As mentioned above we would like to let &Z^^^ act on the function (|6.12() . 
However we shall have to exploit finer frequency localization properties of the operator 

©r''. Split 

(6.14) /r" = /:/aT'(y) + £fT{y) 

where 

(6.15) Cf2^\y)=u:Z.^\y) j /(zi, ya)^^ (^i, ^2) j /32(^^^^ig^^^^)e^''(^^-^^)^^izi 
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and 
(6.16) 

here the function P2 is supported in the union of (— 2Co, — (2Co)~^) and ((2Co)~^, 2Co) and 
/32(s) = 1 if |s| G [C(^^, Co], for suitably large Co, and the integral in the definition of Ef^^ 
is to be interpreted as an oscillatory integral. Now 

but only the contribution of Cf^^ ® C,f^^ is relevant: 
Lemma 6.2. There are the pointwise bounds 

(6.17) GZ^'H^C/' » ^C/') = 0((A2-2')-^) 

(6.18) 6r''(/:/aT' ® -^/r/) = 0((A2^2^)-7V) 

(6.19) ©r'H^/aT' ® ^C'^') = 0((A2-2')-^) 

Sketch of proof. We only consider the term S^'*^^ {Sfaif^ <X) Cf^^^ ; the others are handled 
similarly. 

The analysis leads to the estimation of oscillatory integrals of the form 



// 



K{x, z,^y^ Si, y)e^(^^(-'^-^^)+™^) (l - (5, (^%5^^)) dy.dr^ 



where K is a function satisfying dy^K = 0(2"') which vanishes for |x — o| > 2 
\yi — bi\'> 2""*""'/^, \y2 — g{x,yi)\ > 2~K The yi derivative of the phase is then 

X^y, (x, yi, y2) + r/ = X<P'y^ (a, 6, ^(a, 6)) + r? + 0(A2-'/2— ). 

As we assume the constant Co in the definition of the cutoff function (32 to be large we see 
that 

\\<l)y, {x, yi,y2) +v\> \X4>y, {a, b, g{a, b)) + r/| » A2-^/2-™^ 
The assertion then follows by an integration by parts with respect to the yi variable. □ 

We shall need an orthogonality property of the Cf^^^ . Set 
(6.20) f^\y) = X[,_2-</2-^,5+2-'/2-^](yi)/(2/). 

Lemma 6.3. For p>2 and fixed m, b, ji 

uniformly in m, fi, b. 

Proof. First note that for fixed m, fi, b, a the supports of the functions 

Po{C-W/\y2-g{Ti:a,y,))) 

have imiformly bounded overlap on the support of o;^^. 
Define 

(6.22) Lr /(y) = a;^ (y) / /(^i, 2/2)0;^ (^i, 2/2)^ J /?2(^^^#5^^)e^''(^-^i)dr?dzi. 
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Then the left hand side of H6.21() is dominated by a constant times the left hand side of 
the following inequality 

(6.23) {T^w^aTXY^' <\\r% 

a 

which we now prove. It is easy to see that the operators L™^ are uniformly bounded on 
and an interpolation argument reduces the proof of 1)6. 23() to the case p = 2. 
In order to complete this proof it suffices to check that 

(6.24) ||L^^(L^^)*||^2^^2 < 2-l"-"'l if a = 2-'^-^/^n, a' = 2-™-'/^^', \n - n'\ > M, 

for suitably large M. 

The kernel of Uf(L'f)* is given by 

(6.25) /C(y,y') = 5(^2 - y^).;^ (y)^^ (?/') / u;-^(^i, 2/2)0.^(^1, ^2) 

i{(yi-^i)r)-{j/;-2i)»y')« ( Hvx{a.f>,g(a,h))+n \ g ( Hy^ (a' ,b,g{a' ,b))+ri' dr] dr]' \ 
P2\ A2-V2-m )P2\ A2-V2-™ ) 2tX ) 

We shall now fix a' and solve the equation g{xi,X2,b) = g{a'i,a'2,b) in X2; this can be 
done by the implicit function theorem since 

^ (^x,y2x,{x,yi,gix,yi)) ^ ^^^^ 
'''' ' 4>x2y2y2ix,yi,g{x,yi)) 

where o(l) is a quantity which by (|2.4p vanishes at the reference point P and the two sided 
fold assumption ( (|2.5jl . (|2.6|) 1 implies gx2 0- later reference we also note that 

/c r,r\ I \ ^X2y2xi{x,yi, g{x,yi)) , , , > 

(6-26) g^^(x,yi) = -—^ — - + 0(1) = 0(1) 

(Px2y2y2[x,yi,g[x,yi)) 

which follows from (l^lj) and . 

Let thus h{xi,a',b) denote the unique solution satisfying 

g{xi,h{xi,a',b),b) = g{a',b), 

(^•^^) ht > ' h\ ' 

n{ai, a ,b) = 02- 

Then 

(6 28) ~ ^ ~ f ("1' ^) + 9{ai,h{ai,a, b),b) - g{a , b) 

= C{a, a , b){a2 — h{ai, a , b)) + 0{ai — a'l) 

where C(a, a', b) ^ 0. Thus if for some small constant cq and some large constant Cq 

(6.29) \ai — a'i\ < co\a2 — h{ai,a' ,b)\ and |a2 — /i(ai, a', 5)| > Co2~™~'''^, 
then 1^(0, b) — g{a' , b)\ > Ci2~'"~'/^ for still large Ci and therefore we have 

(6.30) L^Wr = 

in the case ()6.29|) . 

In the relevant opposite case we assume that 

(6.31) |ai - 41 > co|a2 - /i(ai,o',6)| and |ai - ai| > Ci2"™-'/2 
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Since by 1)6.26(1 we also have hx^ = o(l) it follows that in the present case (|6.31() we have 
|ai — a'll ^ \a2 — 02I ^^'^ therefore we can estimate with P^'b = {o-', b, g{a' , b)) 

4>yi {a, b, g{a, b)) - 4>y^ {a', b, g{a' , b)) 

= (l)y^{a,b,g{a,b)) - cpy^iai, h{ai, a ,b),b, g{ai, h{ai,a' ,b),b)) 

+ (j)y^ (ai, h{ai , a, b), b, g{ai , h{ai , a , b), b)) - cpy^ (a, b, g{a' , b)) 
= 4'xiyiiPa'b){ai - a[) + 0{e\ai - a[\) + 0{e\a2 - h{ai,a,b)\) 

if the support of the initial cutoff function has diameter < e. Here, in order to get the 
e-bound, we used the assumption (|2.4|) . Thus in case (|6.31() we get 

\(j)y^{a,b,g{a,b)) - (py^{a' ,b, g{a' ,b))\ > C\ai - a[\ |a - a'\. 

Hence by an integration by parts in the zi variable we gain negative powers of 

2"'|??-??'| > 2-"'-^^/'^X\n-n'\ 

if |n — n'l is large; this is more than enough to prove the required almost orthogonality 
property. □ 

Now applying Proposition 16. II to the functions 

(6.32) EZ'-'Hy, y) = CfZ^\y)CtAy) 

we reduced matters to 

Proposition 6.4. For 2 < r < (yo, r = 3p' /2, 

(6-33) ( E E E 2-(-+=''/^)v(^( 

0<m<l/2 At (^b,b)(^VJJ^ "'^ 

<2-^'/^'||/||p||/||p. 

For r = 2, p = A the left hand side of (|6.33() is dominated by 

C(l + /)l/22-3'/2||/||4||/||4. 

Proof. Each Cf^^^ is supported on a parallelogram of area < 2"'""'^'/^ and so by Holder's 
inequality we can estimate for r > 2 the left hand side of (|6.33|) by 

(EE E 2-(-+^'/^)^2-(™+^'/^)(^-^)(j;ii£/ri^ii/:c^^ 
(6-34) < ( ^ 2-(™+^'/^)(^+^-^) \\rX\\rXf 

m<l/2 (fe,f))e'P™ 

where f"^^ is an in (|6.2U|) . For the last inequality we have used the Cauchy-Schwarz inequal- 
ity, the fact that 2r > p (which follows from our assumptions on p and r), the embedding 
F C f'' and of Lemma HOI 
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Now let /„ = [n2~'/^,(n + 1)2~'/^) for n G Z; then contains ^ 2™" numbers b G 
2-m-i/2^ and we dominate (|6..S4j) by a constant times 

(6.35) ( ^ Yl 2-("^+3'/2)(^+2-'^)22'"(^-l^) 

m<l/2 (n,n)6Z2 
|n-fl|a!2™ 

r', 1 



(6-36) <2-^'/^'(E E l^-^r'''^'ll/llL.(/„xM)ll/llL.(/.xI 



m (n,n): 

|n-n|s:2'" 

here we have used that l/r+2/r' — 2/p = 4/(3p') in view of the assumption r = q/2 = 3p'/2. 

Let /3 € (0, 1) and define for a sequence a the discrete analogue of the standard fractional 
integral 

[I^a]n = Y,\n-nf-'an. 

n 

Now the condition r = 3p' /2, is equivalent with 2 — r' = — f^^J^iy so that for 2 < r < oo, 
r = 3p'/2 the operator /^-r' jj^^pg — > l^P I ''"')' , We apply this with a„ = 
and also set d„ = H/H^'p^j- ^m)- Then the expression (|6.36|) is bounded by 



and we argue as in Hormander ^1] to get 

E|~ .ji-r' 1 A^/'"' / ||~||1A''|| r2-r' nl/r' ||l/'r'||~||l/r' ^ 



The case r = 2, p = 4 is similar, except that the expression H6.36() is now estimated 
using a simple convolution inequality for each fixed m and the sum over m introduces the 
logarithmic term. □ 



7. Proof of Proposition 16.11 

We prove inequality 1)6. 13() by interpolation between the extreme cases r = 2 and r = cxd. 
The case r = oo is 



E E E E®-''^-'^'' 



< 

OO 



E E E ^^v \FT/'\yMdydy. 

0<m<l/2 M {b,b)€V]^ "''^ 

This is immediate; one uses for fixed m, /j, the almost disjointness of the cutoff functions 
Uati" in 
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For the remainder of this section we consider the case r = 2 which is 
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< 



(7.1) II E ^ E Y.^aJ'^'Fr/"' 

0<m<//2 M (b,b)€Pj;T- "''^ 

7.1. The four steps in the proof. We need to use various orthogonahty lemmata, 
Lemma 7.1.1. For each G N 



E E \Pa.''\yM'dydy 



1 

_\ 2 



(7.2) 



E E E E®-"'^-'''' 

0<m<l/2 ^£2-'/'^+"^Z {b,b)£'P'" "-'^ 



< 



EEll E E®-''^-'^'' 



m<l/2 a. ^g2-V2+m2 1/ 
{i,,b)6P™ 



m,fj,,b,b,a,u 



Lemma 7.1.2. For each TV G N 

(7-3) II E E E®-''^-'''' 



< 



1/2 



< 



1/2 



3(2m+30/4j-^2~'"~3«/2-j-JV 



1/2 



E Ell E er^'i^aT'" J +2-3'/2(A2-2'+™)-^( iiF-A^^"!!^ 

^iG2-'/2+mz {b,b)eVjJ^ IJ-,b,b,u 

uniformly in m and a. 
Lemma 7.1.3. For each TV G N 

(7.4) II ^z^''kT' 
( Yl ller'^i^aT'liy ■ +2- 

uniformly in m > 0, fi,a and v. 

In view of our condition 2^ < A^/^ the precise error bounds in the above lemmata will be 
unimportant. 

These three estimates reduce matters to the uniform bounds for the operators 
Proposition 7.1.4. The estimate 

(7.5) ||er''^||2 ^ 2-3VW2^-i||^||^^ 
holds with bounds uniform in m > 0, fi, a, v and {b, b) £ . 

Inequality (|6.13p for r = 2 is an immediate consequence of Lemmata 17.1.11 17.1.21 17.1.31 

and Proposition 17. 1 .H we take into account that 22™ < 2^ and 2' < A^/^. 
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7.2. Preliminary considerations. We first state a more or less standard result on oscil- 
latory integrals, for which we include a sketch of the proof for completeness. 

Lemma 7.2.1. Let {x,y) ^(x,y) be a smooth real valued phase function, defined in a 
domain D C X R'^ so that rank {^^'y') = d—1 in D and so that we have uniform bounds 
for the derivatives of ^ in D; i.e. , 

(7.6) < C^, 

for all \a\ < 4d. Let \ ^ I and 5 > X'^/^. Let P° = {x°,y°) and Qs{P°) = {{x,y) : 
|x — x°\ < 6,\y — y°\ < 5.}. Suppose that for some Ci > 

(7.7) Cf < I det ^,y\ < Ci5 for {x, y) G Qi{P). 
Let a be supported in Qs{P°) and assume that 

(7.8) \dlya\ < C«(A<5)l"l/2 
for all multiindices a. Define the operator J\ by 

Jxf{x) = I e'^^^^'y^a{x,y)f{y)dy. 

Then for A > 

where the implicit constants depend on Ci in (|7.7() and of a finite number of the constants 
in JISl) (\a\ < lOd suffices). 

Proof. We let 5i = M~^5 where M is very large in comparison to the constants in the 
assumptions (but independent of 5 and A). By a partition of unity we may assume that 
the symbol a is supported in the smaller cube Q = Qs^{P°). 

We make afiine changes of variables in x and y separately which do not affect the as- 
sumptions, so that we may assume that P° = O, ^x'y'{0) = /^-i (the (d—1) x {d — 1) 
identity matrix), and also ^x'y^iO) = 0, "^y'x^iO) = 0. 

Then det^^^y) = ^x^ya + 0{5i) in Q and thus l^x^yj ^ I ^^^i^xy)\ ~ S. We shaU use 
orthogonality arguments based on the following inequalities, valid for (x, y) £ Q and (x, z) 
in Q: 

(7.9) \^^>{x,y) -^^'{x,z)\>\y' - z'\ if \y' - z'\ > Co6i\yd - Zd\, 
for a large constant Cq and 

(7.10) \^^^{x,y) -^.^^{x,z)\>C-^5\yd- Zd\ ii \y' - z'\ < co6\yd - Zd\; 

for a small constant cq but 6i is so small that co6 ^ Cq6i. Similar bounds hold for the 
phase ^*{x,y) := ^'(y,x). Inequality ()7.9() follows by a straightforward expansion about 
the origin, and it is crucial that we use ^^.'^^(O) = 0. For (|7.1U|) we use of course the lower 
bound on 

We now decompose the amplitude into functions supported on rectangles Rm x Rn (with 
(m, n) € X Z'^) where both Rm and Rn have dimensions about A~^/^ x • • • x X^^^"^ x 
Lg^. ^ g C^(R) so that x is supported in (-5/4,5/4) and EjezX(s - j) = 1 
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for all s G R. Define for (m, n) G Z'^ x Z'^ 

am,n{x,y) = 

d-l d-l 
i=l i=l 

and let Tmn be defined as J\ but with a replaced by amn- Then = Ylmn'^'rnn- We 
observe by simply using the support properties of the symbol and Schur's lemma that 
(7.11) ||T™„||2_2<A-'^/2^-i/2. 

moreover by disjointness of symbols 

. ^pg^rnn = if |p - m| > 4, 

^ ■ ^ ?;,r^„ = if |g-n| >4. 



(7.13) \\T*Tmnh~2 < X-'^d-^ln - n'\~^ , for \m - p\ < C and |n - g| > C, 



In order to use the Cotlar-Stein orthogonality lemma it suffices to show that 
pg 

(7.14) ||rpgT;,„||2-2 < A-'^^-V-pI"^, for |n-g| < C and |m-p| > C. 

Let Hmnpqiy, z) be the Schwartz kernel of T*gTmn- By integration by parts we obtain the 
pointwise bounds 

\Hmnpq{y,z)\ < A"'^'^''^' (^^ ^ _ ) if W " ^1 > ^O^lly^ - 

and 

l^n^np,(y,^)| < A-'^/2^-V2(^!±^)^ if \y' _ ,'| < co5\y, - Z,\. 

^ ^lUd - Zd\ ' 

and since Cq^i <C Co5 all relevant situations are covered. In the first case we have \y' — z'\ ~ 
^-i/2|^/ _ yi g^j^j-j _ yi > _ p^i^ g^j^j^ ^j^g second case we have \yd — 
A-i/2j-i/2|j^^ — p^l and |m' — p'| < — p^j. By taking the support properties in y and 
z into account we can use Schur's Lemma to see that 



sup / |Fmnpg(y,^;)|d2 + SUp / \Hmnpq{y , z)\dy 

y J z J 



J V Ai/2|m'-p'| 



if |m' — p'l > c|mrf — prfl, 
if \m' — p'\ < C\md — P(i\. 



Our restriction 5 > X implies the desired bound 1)7. 13() for the operator norm of T*^Tmn- 
The operators TpqT^^ are handled analogously. □ 

We now gather some facts that are useful for estimates related to the Carleson-Sjolin 
theorem. Define 

(7.15) Ui = Ui{s,s,t,i) = s -t + s -i 

(7.16) U2 = U2{s, s, t, i) = {s- tf + {s- if - 2{t - i){s - i) 
and 

(7.17) Uiis,s,t,i) = Ui{s,s,i,t); 
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moreover 

(7.18) Vi{s,s,t,i) = Uiit,i,s,s) 

(7.19) Vi{s,s,t,i) = Uiit,i,s,s) 

(observe that Ui = Ui = —Vi = —Vi). The following calculus lemma is directly taken from 
p. 63 in m-. 

Lemma 7.2.2. Let A = {Ai,A2) be an M?-valued function of class C^, defined on an 
interval. Suppose that M,M' > and that 2^^^-^ < s - s < 2"^^+^ 2"^^'"i < t - i < 
2-^''+\ Let 

(7.20) B{s, s, t, i) = A{s) + A{s) - A{t) - A{i). 
Then (i) 

(7.21) \B{srs.tM <Cmin{\Ui\ + \U2l\Vi\ + \V2\} 
(a) If also 

(7.22) \A[{s)^i{s)-^2{s)J^{{s)\>c^ 
then there is a uniform lower hound 

(7.23) |5(s,s,t,t)| >cmax{|C/i| + |C/2|,|Vi| + |y2|} i/|M-M'|>10. 
(Hi) There are constants c > 0, Ci > 1 so that if M = M' then the estimate 

(7.24) \B{srs,tM >cmax{|C/i| + |C/2|, 1^11 + 1^21} 
holds in each of the following cases: 

(7.25) |s-t| + |s-t| <C7fi2-^ 

(7.26) or\s-t\>Ci2-^^ 

(7.27) or\s-i\>Ci2-^^ . 

(iv) There is a constant C2 > 1 so that the following holds. Suppose that either M < 
M' -20 or M = M' and \s-t\ + \s-i\> 022'^^. Suppose that in addition \Ui{s, s, t, i)\ < 

(7.28) \U2{s,s,t,i)\ > > 2-2*^-20. 

(v) Suppose M = M' and let 5 < 2~^'^~^. Suppose that \Ui{s, s,t,i)\ < (5/4 and suppose 
that \s — t\ + \s — t\ > 6. Then |s — t| ~ |s — t\ and 

(7.29) \U2{s,s,t,i)\ > 2-^^~^\s-i\ > c2-^H 

7.3. Proof of the orthogonality lemmata. For the proofs of Lemmata l7.1.Tll7.1.21 and 

17.1.31 we shall need to analyze the expression 

(7.30) {GZ'''FZ^'\ &':i^'''''F7r'') 

for the three cases |m — m'\ > 20, then m = m' and — fJ.'\ ^ C and finally m = m', 
H = H' and \b-b\ + \b' - b'\ > C'2"'""'/^. We shall apply the lower bounds of Lemma [7T^ 
(ii) (with M = l/2-m, M' = l/2-m') to the functions 

yi ^ Mvi) '■= (t>x{x,yi,g{x,yi)) 
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and the upper bounds of Lemma 17.2.21 to higher x derivatives of (j), evaluated at y = 
{yi, g{x,yi)). The crucial Carleson-Sjolin type condition (|7.22|) holds, as by a straightfor- 
ward calculation using ()2.4() and (|2.7() 

{x,yi,g{x,yi)) 

where the o(l) terms vanish at O and the main terms are bounded below by the curvature 
condition (|1.12|) (in the reduced form (|2.15l) ). 

Now we use the notation s = yi, t = zi, s = yi, i = zi, and Ui = Ui{yi,yi, zi, zi) etc. 
Then we have 

\d"(t){x,yi,g{x,yi)) + d'^<i){x,yi,g{x,yi)) - d^4>{x, zi, g{x, zi)) - d^(j){x, zi, g{x, zi))\ 

<Camm{\Ui\ + \U2\,\Vi\ + \V2\} 

and in the cases (i) m' < m — 10 and (ii) m = m' and one of (|7.25|) . 1)7. 26() . 1)7. 27(1 we also 
get the lower bounds 

\4>x{x,yi,g{x,yi)) + (l)x{x,yi, g{x,yi)) - (/)^{x, zi, g{x, zi)) - (^^(x, zi, ^(x, zi))| 

>cmax{|C/i| + 1^721,1^11 + 1^21} 

In the four term expressions that occur in the phases when writing out (|7.3fl|) we have to 
replace g{x,yi) with y2 etc. and then take into account that {x,y) belongs to supp Q; this 
introduces error terms of size 0(2~^). 

Assuming that all points {x,y), (x,z), (x,y), (x,z) belong to the support of Q then we 
obtain 

(7.31) 

\d^cP{x,y) + d^cP{x,y)-d^<P{x,z)-d^<l)ix,z)\<C4mm{\Ui\ + \U2\,\Vi\ + \V2\} + 2-')-, 
moreover in the cases described above we also get the lower bound 

(7.32) |0^.(x, y) + 0^(x, y) - ^x, z) - M^, S)\ > cmax{|C/i| + IC/2I, l^il + |1^2|} - ^2"^ 

In order to further bound below the right hand side of (|7.32|) we shall use the statements 
in part (iv) and (v) of Lemma 17.2.21 It will turn out that in all the described cases 
|C^i| + |C^2| S> 2~^ so that the error terms in 1)7. 31(1 and ()7.32|1 will not affect the integrations 
by parts. This is an important point of the proof, and many of our decompositions have 
been made with this goal in mind. 

Finally, before we discuss the proofs of the lemmata we note that in all cases we may 

assume that F^^^^ is supported on a set of measure 2~^'~^™; simply replace Fjll^^^ with 

i'iau i'av where SZaiT ^lau = ^iau andSZaiT has support properties Similar to i2ai> . 
Thus 

(7.33) Ili^aT'll <2-^'/'""^l|i^aT'l2. 

Proof of Lemma \7.1.1\ We square the right hand side of (|7.2|) and see that we need to 
analyze (|7.30|) with \m — m'\ > 20. By symmetry we may assume that m' < m — 20 {i.e. 

2-//2+m' ^ 2^'/2+m^ 

We also apply part (iv) of Lemma 17.2.21 which tells us that in the present situation 
|t^i| + \U2\ > c2~^^ = 02"'+^™. We integrate by parts and observe that if derivatives hit 
the symbols involved we get a factor of 2' with each derivative. 
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The size of the support of u^f is 0(2"™'"'^'/^). Consequently, after integrating by parts 
2N times, we obtain the bound 

I Itcxmiibh Tj^mabb ^m'^i'b'b' j-^m' fi'b'b' \\ 

< C^(A2-2'+™)~2A^meas(supp n nX';') ||FaT'1il|i^X^^'''''lk 

< (7^(_\2^2i+mj-2Af2-ni-3i/2 ||^m^j6;)j| ||^mV'b'6'j| 

Now by the T*T argument using also the Cauchy-Schwarz inequality (for the terms with 
\m — m'\ < 20) the expression on the left hand side of (|7.2)1 is dominated by I + ^/Tl where 
/ is the first term on the right hand side of (|7.2|) and 

(7.34) 11= E EE Ker'^^aT'^eX'^'^'V-/^'^')]. 

0<m'<m-20<«/2 ^62-V2+mz (i,,S)g-p™ a,u,a' ,y' 

M 

We also observe that for each fixed m, m',/i,;u' the sums in (a, i^) and {a' are taken 
over index sets of cardinality 0(2^'/'^+'") and 0(2'^'/^"^"^'), respectively. Moreover for each 
fixed m, /i the sums in (6,6) are over a set of cardinality 2^™, and for each fixed m',/i' 
the sums in {b',b') are over a set of cardinality 2^™"'. Finally for each fixed m the sums 
in fi and fi' are over sets of cardinalities 0(2'/^""^) and 0(2^/^""^ ), respectively. Taking 
these restrictions into account we continue with straightforward estimation using just the 
Cauchy-Schwarz inequality in the various parameters which gives an additional factor of 

23Z/2+m/2+m7222m+2m'2//2-m/2-m'/2. We thuS bouud \II\ by 

Cn (A2-2'+™)-2^2— ^ EE 

m,m' ^g2-V2 + "iz {b,b)£V]^ (a,") 

< C^2'/2(A2-2')-2^ ^ 2(3-2^)"^ Y Ell^-'^'l?- 

0<m<l/2 A*G2-'/2+'"Z {6,6)G'P™ {".I') 

The assertion (|7.2|) follows if we choose N large in the previous estimate and apply (|7.33jl . 

□ 

Proof of Lemma \7.1.^ Now m is fixed and we need to bound (|7.3U|) for m = m' and 
\fi — fi'\ > (72™^'/2 fQj- some large but absolute constant C. We argue as in the proof of 
Lemma I7.1.1L but now use Lemma 17.2.21 part (iii), (|7.26jl or (|7.27j) . with M = 1/2 — m. 
Thus the lower bound in (|7.32|) holds and also the upper bound in (|7.3H) . For the lower 
bounds we have |f7i| + IC/2I > c2-^^^ « 2-^+2™. Thus we get for |/u - > C2'"-'/2, 



^^Qmiibb pm^ibb Qnifi'b'b' pnifi^b'b' ^ ^^2~2i+m'j -2A''2— "■t-3//2 j | ^m/ibb 1 1 ||^m/^'b'fe'| 

From here we proceed as in the proof of Lemma f7.1.H we use the Cauchy-Schwarz inequality 
in the parameters fi, (6,6), (b',b'), and z^, and then 1)7. 33(1 . □ 

Remark. One could also use Fourier transform arguments (with respect to x) as in the 
proof of Proposition 18. II below. 

Proof of Lemma \7.1.'J\ We have now m, /i, a and fixed, and we are required to estimate 
II Efe bev^ e"^''^^FaT**||2. The relevant (6, 6) is such that |6 - /i| < C2~'/2+™ and |6 - //| < 
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We split the family of pairs into a bounded set of subfamilies T'^j with the property 
that for any two pairs {b,b), {b' ,b') in one such VJ^^ we have both \b — b'\ < c2~'/^+™ and 
|6 — 6'| < c2~'/^"^™' for a small constant c. 

This time we need to analyze (|7^ with m = m' , fx = fj.' and (b, b) G P™-, (6', b') £ VJ^^. 
We may use integration by parts since by the definition of "P^j we are in the situation of 
part (iii), TlTF!^ of Lemma [7T^ with M = l/2-m. The lower bound \Ui\ + \U2\> 2'^' 5 
in H7.29() applies with 

(7.35) 5^\b-b'\ + \b- y\ > C42-""-'/^ 

for some large C4. Thus in this case 

I /(stm/ibb Tpmfibb ^m^b'b' rpm^b'b' \ I 

< 2-m-3V2(;^2-™-3'/2(|6 _ 6'| + |6 _ 6'|))-2A'||F,y''^|| JFJ^^^^ 
for (6, b) G "P^j, b') G satisfying (|7.35p . By a straightforward convolution inequality 



^ ^ Qmfibb pm/ibb 



< 
2 ~ 



ib,b)eVJp b'b 

and H7.33() is used to obtain the desired conclusion. □ 

7.4. Proof of Proposition [7I1.4L This is to be deduced from Lemma 17.2.11 We change 

variables in the integral defining S^^'''' to 

2/2 = 5(T/fa,yi) +<7, y2 = g{Tl^a,yi) + a, 

where then integrations over a, a are extended over intervals of length 0(2~'). 
We then have 

'\a\,\a\<2-t 

where 

(7.37) //,^F(yi,yi) =/3o(C-i2'/2^7)/3o(C-^2'/2a)F(yi,g(T/fa,yi) +a,yi,5(T/fa,yi) +^). 

The oscillatory integral operators T^'^^ in (|7.36)) act on functions h of the variables (yi, yi 
and are defined by 

(7.38) 'C:fh{x) =11 ^(x,yi,yi;(7,a)e^^*(-'^i'Si''^'^)/i(yi,yi)(iyidyi 



(7.36) e-ri^(x) = (^(2'((^g||g| , X - rlia)))f jj rZ':t[H.,F]dada 



with 

(7.39) A{x,yuyi-a,d) = {u^{x)fxi{2"^-^-'>{yr-y^))Ci{x,yi,g{Tiia,yi)+a) 

X Ci{x,yi,9{rl^a,yi) + a)9J^^\yi,g{Tl^a,yi) + a,yi,g{Tiia,yi) + a) 

and 

^{x,yuyi\(J,a) = (p{x,yi,g{Tl^a,yi) + a) + (l){x,yi, g{Tj^a,yi) +a). 
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By the Cauchy-Schwarz inequality 
(7.40) \\GZ'''F\\2 <^-H[[ \K'''hH.aF]\\ldada) 



1/2 



One now verifies that Lemma 17.2.11 with (5 ~ 2™ can be applied to the operators 7^ 
so that the right hand side of (|7.4fl)) is estimated by a constant times 

\ 

'|ct|,|ct|<2-' 



mfibb 



2-m/2-3//4/ / / Wn^FWldadaV^^ < 2— /2-3V4||^|i . 



□ 



8. Estimation of ^^{f,f) 



This case is handled rather analogously to the case m > 0, except instead of using 
Proposition 17.1.11 we reduce directly to the Carleson-Sjolin theorem. 

We shall set 6^^,^^ := := V% moreover C{y) := ujT{y)f{y) {cf. ^M), and 

define the expressions 

Cf^u{y) and Sf^u{y) by setting m = in (IHT^ and (jnUHl)- (Note 
that contains boundedly many elements for each 

Note that Lemma 16.21 remains valid for m = so that Sa^i?'' essentially acts on Cfat ® 

i^fau- Various orthogonality arguments will be used for the proof of 

Proposition 8.1. For r > 2 and G N, 



< 



^•1) II E E T.^t^'(fa^®f£) 

EEl|6r(^/a^^^^/a^)|i:Y^%C^A3(A2-^r^/^ sup 

a,u fjt.b ' 

We combine this with an application of the Carleson-Sjolin theorem which will give 
Proposition 8.2. For I < p < 4, r = 3p' /2, 

(8.2) ||©°:t''(/55<7)||,<2-2'/P'A-W)||/||^||^||p; 
moreover 

(8.3) ||e°!t'''(/»5)||2<2-''/'A-i(logA)i/2||/||4||5||4. 

The error term in ()8.1() is easily bounded by the right hand side of 1)6.3(1 or (|6.4() given that 

2' < AV3. For the main term in (|8.1|) we apply Proposition 18 . 21 with f ^ g = {Cfat Cfau) 
and put the result into (|8.1|1 : this yields 

E E W^t^^^ft ^ cf£)\Q <AA\ ( E E W^&T) 

a,u iM^b a,u ^,6 

(8-4) <^p(A,o(EEII^/^''li:)'^'' 

a,v 

where Ap{\l) = 2-2i/p'A-4/(3p') if ^ > 4 and Ai{\l) = 2-'^^/^\-^{\og\Yl'^ . In the last 
displayed inequality we have used that if r = 2>p' /2 then 2r' > p holds for p < A. The 
desired estimate for 53o(/, /) then follows from an application of Lemma to (|8.4I) . 
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Proof of Provosition I^TH The are supported on cubes Qa with diameter ~ 2 cen- 
tered at a, which are essentiahy disjoint (so that Y2aXQai^) ^ C*). Thus 



fib^ 
au J 



r\l/r 



Let % G Co°(M^) be such that rjQ{s) = 1 if \s\ < 1. Let VFq^ be the convolution operator 
on functions in which has Fourier multipher 

WatiiO = %(C-U-i2'/2(^ _ 2AV,.(/.(a, /X, g{a, /x)))); 

here C is chosen so large that | A^-"^^ — Vx4>{x, u) — '^x(t>{xj y)\ > 2^'/^ whenever ti^a^(0 = 
and {x, y, y) is in the convex hull of the support of vl^ {x)ui^^ [yifu)"^^ {yi) for all (6, h) e V^. 

In view of this property we obtain by the inversion formula for the Fourier transform 
and a straightforward integration by parts argument that 

i(^ - Wa,)&if{f^t ® f^t){^)\ < 11(1 - ^a,){&it{f^t ® fii:)r\\i 

< C^A22-2'(A2-3V2)-A^||^Mft||^||JMS||^ 

for all G N, uniformly in x G M^. From this the contribution 

can be estimated by the error term in (|8.1() in a straightforward way (we use that there are 
0(2') relevant a's, 0(2'/^) relevant /i's, and for fixed a,// there are 0(2'/^) relevant /i's and 
0(1) relevant 6's). 

For the main term we use the orthogonality properties of the operators Wa^ (with respect 
to /i when a is fixed) and then the essential disjoint support of the functions (when 
a,n are fixed). We obtain 



^•6) [E\\xQ. E E E^' 



r\ 1/r 
rJ 



r' \r /r' \l/r 



^(E( E E ElFa^^'ifa'^f^) 

1 fi£2~'/^Z{b,b)£Vf, " 

Finally using Lemma IH?^ we can replace {fau <8) fau) by {Cfau ^ C.fav) as the other terms 
just contribute to the error term in (|8.1() . □ 

Proof of Proposition Define 

(8.7) TH^fix) = ul^^{x) I Qix,y)u;yiy)e'^^^^^y^f{y)dy 

We dispose of the diagonal cutoff function Xo(2'^^~^(yi — Vi)) in the definition of &a'u"' by 
expanding xo in a Fourier series and obtain 

&T\f ® 5) = E CkT!:ufk{x)Tl^^gk{x) 
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where fk{y) = /(yje^^^V^-Syi^ ^^^^^ ^ g^y^^-ik2'/^-^y^ ^^^^ |^^| < Cn2-^\''\ for all iV G N. 
Then 



\2r- 



k 

We now change variables 7/2 = gio-,b) + cr in (|8.7j) and in view of the support assumption 
the a integration is extended over an interval of length < C2~'. The phase = 
$(x, yi, 5(0, 6) + 0") is a phase satisfying the assumptions of the Carleson-Sjolin theorem 
with bounds uniform in the parameters. Thus if we set 

Tl^yh{x)=nli:{x) I Ci{x,yi,g{a,b) +a)ujy{yi,g{a,b) +a)e^^'^^-^y^'^^-''^-^'^^h^ 

we obtain with 2r = 3p' , p < 4 

KfkL< I \\T^y[h{;9{a,h)+a)]\\^^da 

J\a\<C2-'- 

<A-2/2- / \\fk{;9{aM+^)\\da 

J\a\<C2-l ^ 

<2-Vp'a-3/p'||/,||p, 

and of course ||/fc||p = We argue similarly in the case p = 2r = A but then one gets 

an additional factor (logA)^/'^ in the bound. □ 

9. Appendix I: 

A SHARPENING OF AN LP IMPROVING INEQUALITY FOR AVERAGES ON CURVES 
Consider the translation invariant averaging operator 

(9.1) Af{x) = j x{s)f{x-j{s))ds 
for the curve 

(9.2) ^(.) = (.,^,^), 

where x denotes a cutoff function to a neighborhood of 0. The sharp — > L'^ estimates 
are known and due to Oberlin ^30;, in fact A maps if and only if 1/g) 

belongs to the trapezoid with corners (0,0), (1,1), (1/2,1/3) and (2/3,1/2). However the 
critical — > and L^^^ — > estimates can be improved if one uses Lorentz spaces; this 
improvement does to the best of our knowledge not follow from the T*T method used in 

isni. 

Theorem 9.1. A maps L'^{R^) to L^''^{R^) and L^/'^^'^{R^) to L'^{R^). 

Proof. By duality it suffices to prove the — > L^'^ inequality. By a standard reduction 
using Littlewood-Paley theory it suffices to prove that the operators Ak defined by 

Akf{x) = j f{y) Jj e'^^^'-y'-^^^+'^'^^'-y'-^^hi{^)x{x-y)dadTdy 

map to L^'^ boundedly (with norms uniformly in ^ 0). Here xi ^ C'q°(M) is an 
appropriate cutoff function supported away from 0. The reason for the validity of this 
reduction is that Ak = L^AkLk + Ek where Lk are Littlewood-Paley operators localizing 
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frequencies to annuli of width C2^ and the errors Ek satisfy WEkWip^L^ = 0{2-^). Then 
assuming that 

(9.3) SUp||^fc|lL2^L3/2 < A, 



we obtain 



L3,2 

fc>0 fc>0 



L3,2 



< IIAWIlia,^)'^' < a( ||L,/||i.)'^' < All/lb 

fe>0 fc>0 

For the first inequality we used Littlewood-Paley theory, and for the second one we used 
a Minkowski- type inequahty which amounts to the imbedding £^(L^/^) C L^'^(£^) which 
can be seen using the equivalence ||n^||^p/2,9/2 ~ ||^^|lip,<j and the triangle inequality in the 
Lorentz-space 

We now turn our attention to the operators Ak and the proof of ()9.3|) . We are fortunate 
as our inequality involves the space at least on the function side and one can reduce 
matters to the estimation of an oscillatory integral operator 



(9.4) Ta/(x) = j e'^''^-'y^x{x,y)f{y)dy 

mapping to L^'^ with norm 0{X^'^^^). Here A ~ 2^ and the phase is given by 



(9.5) Hx, y) = 2/2(^2 + ^^^) + y3(x3 + ^^i^), 

where lyal > c > in the support of x- The reduction to the oscillatory integral operator 
involves Plancherel's theorem (with respect to the (2/27^3) variables), a rescaling by 2^, and 
renaming ((T,r) to (^2,^3)- 
Now define 

Tx,if{x)= [ e^^*(-''^)x(x,2/)x(2'det$,.,)/(y)dy 



where the cutoff function localizes to the set where | det | ~ 2 ' . Observe that 

- det = y2 + yz{xi - yi). 

Define T\ by a similar cutoff to the region where | det ^xy\ ^ A^^/^ and choose the cutoff 
functions so that Tx = I]2'<Ai/3 ?A,i + ^A- 

We have the usual bounds WTx^iWl^^l^ < 2'/2A-3/2 for 2' < A^/^ and 1113,111,2^^2 < 
^-4/3^ Now it remains to show that for r < 4, s = 3r' 

(9.6) \\Tx,i\\Lr-.Ls < 2-'/^'A-3/^ 2' < aV3 

(9.7) rA||L2-.L2<A-3A-V3-' 

This implies that Tx maps L^'^ to L'^'°° for 1 < p < 5/2, q = 3p' /2. By another real 
interpolation we deduce that Tx maps in fact L^'^ to L''" for any a > 0, and choosing a = p 
and p = 2 yields the Li^'^ inequality for Tx- 

The proofs of 1)9. 6|) , (|9.7() follow the ideas in Theorem 11.21 however as in §4 we may 
directly reduce matters to B. Barcelo's restriction theorem for cones (CP). In fact let for 

'^{w, v) = ^2 ( - W\vl + W2V1 + tUs), 
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and define Sxf{w) = J e^^'^^'"'''^x{w,v)f{v)dv. Then 

(9.8) \\Sxf\\s<X-^''\\f\\r, s = 3r', r<4. 

Indeed from the restriction theorem we get 1)9. 8|) for cutoff's of the product form x{w^ v) = 
a{w)b{v), and by using a Fourier series expansion of x we can reduce to this case. 

In order to prove 1)9. 6() we split / = YIk^z where the function /^^ is supported in 
{y : I — yi + 2/2/2/3 — k2~'| < 2~'}, and then we observe that Tx^if,^ is supported where 
|xi — k2~^\ < C2~K It thus suffices to show 1)9. 6|) for / replaced with /«. Fix k and let 
= k2^K We change variables in y by setting 7/2 = —yz{oiK — Ui + o') (where \a\ < 2~') 
and then set f 1 = yi , ^2 = 2/3 • After a short computation we obtain 

<^{x;yi,-y3{a^ - yi + a),y3) - yfy3/3 = ^'(/i'"(a:), yi, yg) = ^{h''{x),v) 

with 

h'^{x) = {xi + a - Ok, X2 - {a - aK)xi - xl/2, X3 + {a - aK)(x2 + xf /2) + xf /6); 

clearly as a nonlinear shear defines a global diffeomorphism. 
Now 

with x'^(x,t;)/K,^(u) = x{x,vi,-V2{a^, - vi + a),V2)fK{vi.,-V2{ai^ - vi + a),V2)e'^''^'"^/^. 
Thus from (|9.8|) we get 

\\Tx,lfK\\L''{R3) ~ ; ll/K,cr||L'-(M2)d0- < 2"'/'' J ||/K,cr|llr(IR2)(i0-^ < 2^'/"" 1 1 /k 1 1 L"- (RS) 

which implies 1)9. 6|) . Inequality (|9.7() is proved in a similar way. □ 

10. Appendix II: 

On bilinear versions of an adjoint restriction THEOREM FOR THE CIRCLE 

Let da denote arclength measure on the circle and for / G L^(S^) consider the family of 
(restricted) extension operators given by 8xf{0) = fda{X6), where 6* G In Barcelo, 
Carbery and one of the current authors proved the sharp bilinear inequality 

(10.1) I \£xf{0)£x9i0)\da{e) < CA-5/'||/||i2(si)||y|U2(si) 
valid under the separation conditions 

(10.2) supp (/) n supp (y) = and supp (/) n supp (y) = 0; 

here f{9) := f{—9). The initially complicated proof of this inequality in [2] has since been 
simplified in 3 . Here we generalize and simplify further this result by interpreting the 
separation condition (|1().1|) as a condition on the associated canonical relation, and deduce 
the bilinear estimates directly from known linear estimates of the type (|4.3j) . (|4.4)) (proved 
already in [22j for d = 1). Several multilinear extensions of this argument are possible (in 
the spirit of [3^) but we shall not pursue this here. 

Consider the oscillatory integral operator defined on functions in L^(M) by 

Txf{x) = J e'''t''^^'y^x{x,y)f{y)dy 
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where x is smooth and compactly supported. We assume that the canonical relation 
{{x,(t)x^y-,—(t>y)} is a folding canonical relation, i.e. (|1.7|) and l|1.8j) hold. We may clearly 
assume that (pxy is small on the support of the amplitude. 

Proposition 10.1. Suppose that x is supported on a set of diameter at most Sq and suppose 
that (pxyy 7^ and (j)xxy ^ on the support of x- 
Let Q < 5 < 5q and suppose that 

(10.3) dist(supp /, supp 5) > (5 > 0. 

Then, if 5q is sufficiently small then, for large A > 0, 

(10.4) ||TA/rA5||i<C5A-5/6||/||2||5||2. 
(ii) Moreover 



(10.5) IITa/Ta^IIs/s < QA-5/6[||/||2|bll3 + ll/llslbib]. 

Remark: The inequality (|lfl.H) (valid assuming (|lfl.2|) ) can be deduced by applying the 
proposition with the phase 4>{x,y) = cos{x — y). 

Proof of Proposition [TO. 1[ We may assume that A ^ 6^^. A better inequality follows im- 
mediately by the standard estimates if we assume that (pxy 7^ 0; thus we shall assume that 
(pxy vanishes somewhere and after a straightforward reduction (using suitable localizations) 
we may assume that on the support of the relevant cutoff function <j)xy = <S=^ x = h{y) 
where h is invertible and \h'\ is bounded above and below (actually, as in |22] one can 
reduce to h{y) = y, by a change of variable in y). 

Let xo £ Co°(l^) be supported in (—1, 1) and equal to one in (—1/2, 1/2), and let Xi(^) = 
x(2t) — x(*); X/(0 = Xi(2'i)- Consider the operators given by T\^i and T\ defined in and 
following (|4.2|) . Notice that the kernel Kx^i{x,y) is supported where \x — h{y)\ ~ 2~', and 
and similarly the kernel for S\ is supported where \x — h{y)\ < X^^^^. 

Now write 

nf{x)T^g{x) = {fxf{x)+ n,ifix)){f^g{x)+ J] n,mg{x)) ■ 

2'<Al/3 2'"<Ai/3 

We use the separation assumption on the supports of / and g. If y G supp / and z G supp g 
then the conditions \x — h{y)\ ~ 2^', and \x — h{z)\ ~ 2~™, can hold simultaneously only if 
either / < or m < for some fixed £0 = io{^)- Thus 

Tx,if{x)Tx^rn9{x) =0 if / > 4, and m > Iq. 

Similarly Txf{x)Txg{x) = 0, and Txf {x)Tx^ig{x) = 0, / < 4- Therefore, 

TxfTxg = Ix{f,9)+Ih{f,g)+IIh{f,9) 
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where 



2*0<2'<Ai/3 m<eo{S) 

ih{f,g) ' 
iih{f,g) ^ 



l<£o{S) 2^o<2™<AV3 



l<£o(S) m<eo{S) 

We now use the Cauchy-Schwarz inequahty and apply the standard bounds (|4.Hj) . (|4.4j) 
(with d = 1). We obtain 



ii/a(/,5)iii< (rA/ii2+ E \\Tx,ifh) E ii^^.^^ib 

2*0<2'<Ai/3 m<eo{5) 

< C(,5)A-i/2(A-i/3 + Y 2'/2A-i/2)||/||2||g||2 < Ci(5)A-5/6||/||2||5||2. 

2^<2'<Al/3 

Similarly one proves the inequality ||//;^(/, < C2((5)A^^/^||/||2||(7||2, and also the 



bound \\IIh{f,g)\\i<C3{6)X 



-1 



\g\\2- This shows HlU.4p . 



For (|1U.5() we use the endpoint L'^ — > inequality in 22^ which says that 



E ^A,./ 

2«0<2'<Ai/3 



< CsX 



'1/3 



and also ||S'a||l3^j^3 = 0(A ^/^). Since L"^ ■ C L^^^ we apply Holder's inequality to 
obtain 

l|A(/,5)ll6/5<QA-'/'ll/l|3||5l|2, 
||//a(/,<7)I|6/5<C5A-'/'||/I|2||5||3, 
||mA(/,5)ll6/5<C5A-'/'ll/l|2|bl|2, 



and thus (fTn3)) . 



□ 
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